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In this paper we give some new proofs of the isoperimetric inequality 
based on boundary properties of analytic functions. Some of these results 
were obtained by other methods or in another form [2, 3, 5,6]. 
First we derive the classical isoperimetric inequality. We need 
PROPOSITION 1. Let g(z) = AZ -’ + CFZO A,z” be an analytic function in 
the domain 0 < (z / < 1 and gCn’(e’“) E L ’ [0, 27r], where gCn’(ei”) is the radial 
limit of g@). Then 
n! 111 <$,2z 1 g(“‘(e’“)l dq, 
0 
where equality holds ifand only ryg(z)=Az-’ + ... +A,+,z”-‘. 
Proof: Let h(z) = 2”’ ‘g(“)(z). Then h E Hi, where HP denotes Hardy 
class. By the Cauchy integral formula 
If equality holds in (l), then equality holds in (2). Thus h(z) = const in 
] z ] < 1. Hence g has the form given by Proposition 1. 
Our proof of the isoperimetric inequality is based on a consequence of 
Proposition 1 which is obtained for n = 1. D. Treiber used a similar idea to 
prove the isoperimetric inequality for Jordan rectifiable curves. Note that this 
proof may be simplified by using boundary properties of analytic functions. 
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LEMMA 1. Let y be a rectifiable Jordan curve of length L; let D be its 
interior. Then 
area D < L 2/47c, 
where equality holds tf and only tf y is a circle. 
Proof Let D, be the exterior of y. By the Riemann mapping theorem 
there exists a univalent function g (z) = AZ -’ + CFEO A,,z” in the disc U such 
that g (U) = D, . Combining the area theorem with Proposition 1 (for n = l), 
we have area D<x1A12<L2/4z 
The second part of the lemma follows immediately from the area theorem. 
COROLLARY 1. Under the condition of Lemma 1, we have 
1, udv < L 2/4n, where equality holds if and only if y is a circle with positive 
orientation. 
THEOREM 1. Let y: [a,/31 + C be a recttsabble closed curve of length L. 
Then 
i 
udv ,< L 2/4n, 
V 
(3) 
with equality tf and only tf y is a circle with positive orientation. 
Proof Let the polygon P, be defined by the partition of interval [a, /?J 
into n equal parts. There is a subdivision of the polygon P, which consists of 
closed simple curves and, possibly, some oriented intervals which appear 
with their opposites. Since the integral l,udv is an additive function with 
respect to subdivisions of y it follows from Corollary 1 that Jp, udv < Li/4x, 
where L, is the length of P,. Now the desired result follows by letting 
n+ 00. 
If equality holds in (3) then y must be a simple curve because of the above 
mentioned additive property of J,udv. Thus y is a circle by Corollary 1. 
THEOREM 2. If y is a cruve dejked by means of an absolutely 
continuous complex-valued function y(t) = u(t) + iv(t), a < t <p, with 
u(a) = u(/3) = 0, then 
~~~j31u(t)-~llv~(t)ldt~~~jol?l(i)~dt~2. a a 
Proof. Without loss of generality we can suppose that a = 0, /3 = 27~. 
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Since u’ E L ’ [0,2n] and Ii” u’(t) df = 0 there exists a sequence of 
trigonometric polynomials pn such that 
li~j’=(u’(t)-p.(t)Idt=O 
2n 
and p,(t) dt = 0. 
0 .i 0 
Let u,(t) = sip,(0) d6’ and y,(t) = u,(t) + do(t). Then 
1 u,(t) - u(t)-\ < ,,Im 1 u;(8) - u’(8)) de + 0 (n-r=J> (4) 
and 
lip I,‘Z 1 y;(r) / dr = 1’” I y’(r) I dt. o (5) 
Since the function f,(x) = Ji” sng(u,(t) -x)] u’(t))dt, x E R, is continuous 
there is x, E R such thatf,(x,) = 0. Applying the isoperimetric inequality to 
the closed curve 
U,(e) = u,,(e) - x,,, u,(e) = 1’ sgn(u,(t) - x,,) ) u’(t)] dt, 0<0<22x, 
0 
we find 
From the relation min, u,,(f) < x, < max, u,,(t) and (4) it follows that the 
sequence (x,) is bounded. Now the assertion follows from (4), (5), and (6) 
by letting n -+ 00 through a suitable subsequence. 
Note that Theorem 2 generalizes the classical isoperimetric inequality. 
Namely, if a closed curve y satisfies the condition of Theorem 2 we have 
I 
5 
u(t) v’(t) dt < min I ‘/u(l) -xl Iv’(t)/ df. a x a 
We state without detailed proof 
COROLLARY 2. Let y be a closed rect@able curve of length l(y). Then 
l(y) > 27r cap y, with equality if and only if y is a circle. 
Proof. Let G be the unbounded component of C\y, y, = aG. Using 
Proposition 1 and well known properties of capacity, we obtain 
Z(y) 2 IQ,) > 271 cap BG > 2rc cap y. 
28 MATELJEVIb AND PAVLOV16 
Note that it is known: If y is not closed then I(y) > 4 cap ;I (4, p. 337. 
Lemma 11.31. 
Combining Proposition 1, the area theorem, and Theorem 1 ]l ], we obtain 
PROPOSITION 2. Let g(z) = AZ ~ ’ + C,“=-, 1,~” be a univalent function in 
the unit disc U and let f~ HZ, f(0) = 0, f(U) f’g(U) = 0 and h(z) = zg(z). 
Then 
Ilfll: + PII: G 2 PII:, 
THEOREM 3. Zff(z,, z2) = Cs,f.+o c(s, t) ziz: E H*(U*), then 
wy+r; equality holds if and only if f (z,, z2) = Cr=OAk(z, - z2)-’ 
(Z1 - z:+ ‘), Ak E c. 
Proof: By the Parseval relation 
Ilfll: = x IC(h t)12. 
From the Cauchy-Shwarz inequality it follows that 
s+l=k 
(9) 
(10) 
Now, the inequality (7) follows from (8), (9), and (IO). 
If equality holds in (7), then it holds in (10) for all k. Hence, we obtain 
that f has the form given by Theorem 3. 
COROLLARY 3. Zff E H’(U), then 
7r -1 
II IfWl’dxdy,<Ilf II:, ,z,<l 
with equality zyand onZy iff(z) = a(1 -@z)-’ (a E C, ]p] < 1). 
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Proof. There are g, h E H*(u) such that f= gh and 1 g(e’“)\ = ) h(eiQ)\ 
a.e. Applying Theorem 3 to the function f(zi, z2) = g(zJ h(zJ, we obtain 
Corollary 3. 
Using the Riesz factorization theorem we can derive Theorem 1 [3] from 
Corollary 3. Note that this theorem may be extended to a simple connected 
analytic domain D by using the Riesz factorization theorem and a conformal 
one-to-one mapping of the unit disc U onto D. 
THEOREM 4. Let D be a bounded domain whose boundary consists of n 
analytic simple closed curves y,, 1 < v < n, and f' E H’(D). Then 
7K -‘jjDl/‘(z)12d~dy~ iI (&j Y” lf’(4lldrl)2, 
with equality if and only tf each y: = f (y,), 1 < v < n, is a circle with positive 
orientation. 
Proof By Theorem 1, it is sufftcient to prove that 
II, If’(z)l’dxdy= 5 j udv. 
“==I y; 
First let us suppose that n = 1; i.e., the domain D is simply connected. Let 
rp = cp([) be a conformal one-to-one mapping of the unit disc U onto D. Then 
F(c) =f ‘(p(c)) q’(c) E H’ and (11) holds by the Parseval relation. If n > 1 
then there exist curves c i ,..., c, so that D\U, c, is simply connected. Now, 
the equality (11) for n > 1 follows from the case n = 1. 
COROLLARY 4. Let a domain D satisfy the condition of Theorem 4. If 
f ‘, g’ E H’(D), then I 
x I,ld(z)l ld4]2 1 “’ 
COROLLARY 5. Let D be a simple connected analytic domain. If 
f E HP(D) and g E H’(D), 0 <p, q < fco, then 
with equality if and only zf f = a(k'(~))"~, g = /~(Ic'(z))"~, where k(z) is a 
conformal one-to-one mapping of the domain D onto the unit disc U. 
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This assertion for p = q = 2 wass proved by Aronszajn (see 15 ] for 
references). S. Saitoh [5 ] proved that the Aronszajn inequality is valid for 
arbitrary bounded regular regions. 
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